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Abstract

In this paper, new variable transformation formulas are introduced to solve the basic governing differential equa-
tions for conical shells. By performing magnitude order analysis and neglecting the quantities with /4/R magnitude
order, the basic governing differential equations for conical shells are transformed into a second-order differential
equation with complex constant coefficients. By solving this second-order differential equation, a simple and accurate
solution for conical shells is derived. The present solution is simpler than the exact solution because it does not use
Bessel’s functions, and also more accurate than the equivalent cylinder solution. Numerical examples are given to il-
lustrate this conclusion. The simple and accurate solution provides a quick means for analyzing stresses in conical
shells. © 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Axisymmetric pressure hulls, such as cone and cylinder shells are important configurations which have been widely
used in engineering structures, such as submarine and submersible pressure hulls [1]. Calculation of stresses in these
structures is a necessity in design. For most of the axisymmetric thin-walled shells, exact solutions can be found but they
are very complex except for cylinders [2,3]. Special functions, such as Bessel functions, Thomson functions and Hankal
functions which are not very familiar to many engineers need to be used. Therefore, these exact solutions have not
found wide applications in practice. Finite element methods have been recommended in Ref. [1] but in terms of effi-
ciency, this may not be so favorable, especially in preliminary design. Furthermore, in comparison with the analytical
solutions, finite element methods provide less insight in understanding the fundamental mechanical behaviour of the
structural parameters. Therefore, analytical solutions are still sought by some researchers. For the general axisymmetric
structures, there are two different approaches in this aspect. One is to use the concept of equivalent cylindrical shell, that
is, to define an equivalent cylinder for the general axisymmetric shell and then apply the cylinder solution. This has been
used in Ref. [4] for submarine pressure hull design. However, the accuracy of these solutions has been found to be
poorer than the exact solutions. Therefore, these are called approximate solutions in this paper. The other is to in-
troduce some new types of variable transformations and apply the magnitude order analysis to simplify the governing
differential equation, simple and accurate solutions can also be derived.
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Nomenclature

o half vertex angle of the conical shell

@ complement of the half vertex angle

h thickness of the conical shell

E Young’s modulus of elasticity

I Poisson’s ratio

D bending stiffness

S coordinate along the generator of the conical shell
R, principal radius of curvature of the conical shell
w displacement in the radial direction

N transverse shear force

Ti stress resultant in the generator direction

T, stress resultant in radial direction

Ty membrane stress resultant in the generator direction
T membrane stress resultant in radial direction

M, bending moment in the generator direction

M, bending moment in radial direction

A, displacement along the circumferential direction
o) stress in the generator direction

0y stress in circumferential direction

q face load per unit area along the generator direction
qn face load per unit area along the radial direction
q dead weight per unit area

P concentrated load

/ slant length of the conical shell

r radius of parallel circular of the conical shell

In Ref. [3], such a simple and accurate solution for the general shell of revolution was presented based on the
variable transformation formulas they introduced. The solution was expressed only by elementary functions such as
exponential functions and triangular functions. Conical shells are the shells of revolution, however, when we applied
their variable transformation formulas to conical shells, it was found that these formulas are singular. In order to
overcome this problem, a new type of variable transformations will be introduced in this paper. By using these new
variable transformation formulas together with the basic governing differential equations, a simple and accurate
solution which has the same accuracy as the exact solution will be derived. The main purpose of this paper is to present
such a solution. In order to compare the present solution with the exact solution and the approximate solution for
conical shells, the latter two solutions are briefly introduced in Sections 2 and 3, respectively. In Section 5, a numerical
example is used to compare the present solution with both exact solution and the approximate solution.

2. The exact solution for conical shells

Let 2o represent the vertex angle of a conical shell, S represents the coordinate along the generator of the conical
shell from the vertex of the conical shell (Fig. 1). For conical shells, the principal radii of curvature are R, = co and
R, = Stana. By substituting these conditions to the governing differential equations for the general shell of revolution
[2,3], the following governing differential equations for conical shells can be obtained:

L(U) = —Ehy,,
U (1)

L(“I’l) = Bv

where

[]:]Vle7 (2)
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B

B
Fig. 1. A conical shell with parameters defined.
—
/lfdsv (3)
dZ(...) di---) (--)
L(---) = tana|S s + s s |

where L(---) is the Laplace operator; N, the transverse shear force; w, the displacement in the radial direction; %, the
thickness of the conical shell, £, Young’s modulus of elasticity, and D, the bending stiffness which is

ER
D=—"— 4
et (4)
where p is Poisson’s ratio. Substituting the first formula of Eq. (1) into the second formula of Eq. (1), we have
LL(U) +*U =0, (5)
where
Eh
4 [ —
==, (6)

Eq. (5) can be split into two conjugate differential equations of second order:
L(U) +iX*U = 0. (7)
Using the second formula of Eq. (3) and U = N|R,, R, = Stana, Eq. (7) can be written as

d*(VS)  1.d(V,S) 1 i2?
ds? "5 ds +(7§iStana)(NlS)_0'

8)

It is a pair of conjugate differential equations of second order. The solutions to Eq. (8) are also a pair of conjugate

complex functions. As long as the solution to any one of the Eq. (8) is obtained, then the real part and the imaginary

part of the solution are derived. Using these two parts, we can find the general solution for differential equation (5).
Introducing the following transformations

0= xvi = 20y | ——VSVA,
tano

x=2¢/3(1 — 1) VS,

htano
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and using any one of two equations in Eq. (8), we have

d(VS)  1dWS) 4 _
dn? +ﬁ an —I—(l—?)(NlS)fO (10)

which is a Bessel equation. The solution to this equation is
NS = Ch(n) + GHY (). (11)
In Eq. (11), J5(n) is the first type of Bessel functions of second order; Hgl)(n), the first type of Hankal functions of second

order, and C;, C, are complex constant coefficients. The functions mentioned above can be expressed by means of
Thomson functions and their first derivatives [5],

2 2
L(n) = (;bei’x — berx) + 1( ber'x + belx)

(12)
2/(2 2/(2
H () == (— ker'x + keix) —i= (—kei’x - kerx),
T\ x T\ x
where the symbol (') represents the derivative of the function. If we define
C = —4, — iy,
b . (13
CZZE(BZ_IBl)a )
and substitute Egs. (12) and (13) into Eq. (11) and select the real part, we will have
1 2 2, 2., 2,
N; =3 Ay berx—;belx + A4, belx—i—;berx + B kerx—;kelx + B, kelx—b—)—ckerx , (14)

where A;, Ay, By, B, are unknown constants which can be determined from boundary conditions. In many applications
the conical shell is long enough to make it possible to neglect the effect of one edge on another edge. In order to simplify
the calculation, we can choose the terms with By and B, for edge 44 of Fig. 1 and the terms with 4, and A4, for edge BB
of Fig. 1.

From the definition of U = N|R,, U can also be obtained from Eq. (14). Using the first formula of Eq. (1) and the
second formula of Eq. (3), we can obtain

L L) tana Sdz(NlS)+d(N1S)
NTTTER T ER ds? ds

M. (15)

After obtaining U and y;, the calculation of the stress resultants 7 and 75, bending moments M, and M,, and dis-
placement A, along circumferential direction are performed using the basic definitions [2,3]:

T = U cosg = —N, tanq,
Rz sin ¢
du d(V,S)
= —— = _ :
TS ds wne
dy, | ucose dy,
M, =D =1 v | =D
! (ds+R2sin<p“ $ s (16)

cos @ dy, o dn
M, =D =D
2 (stingoyl+ dS) ( “‘ds)
Stanasino d(NyS)
Eh ( a5 M

A, = gySsina =

And the final results for exact solution are expressed as follows:
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v3(1 — 1) 8 2 2
N, = M — {Al <berx — ;bei/x) +4, (beix +;ber’x)

htano  x?
2., . 2 ,
+ B kerx—)—ckezx + B, kelx—O—)—Ckerx ,

2tano . 2 2
= —+/3(1 —12) i [Al(—belx—;ber’x) —O—Az(berx—;bel’x)

2 2
+ B ( — keix — N ker’x) + B, (kerx — ;kei/x)] ,

V3(1 — 2 2 2
T = — M 8 Ay | berx — =bei'x | + A, | beix + = ber'x
h x2 X X
2, N
+ B, | kerx — —kei'x | + B, | keix + — ker'x | |,
X x
3(1 — 2 2 1 4 2 4 1
T = —4M A | — = berx +—ber'x + = bei'x | + A, — = beix — — ber'x + —bei'x
h x2 X x3 x2 X3 X
2 1 4 2 4 1
+ B, ( — 5 kerx + - ker'x + —3kei/x) + B, ( — Skeix — — ker'x + —kei/x)] ,
x X X x x X
beix ber'x 2 berx bei'x 2
M = — A1(4(17,u)x—2+8(17,u) 3 f;bezx)+A2<74(17,u)x—2+8(17u) = +;berx)
keix ker'x 2 kerx kei'x 2,
+31<4(1—H)x—2+8(1—ﬂ) 3 —;kelx>+32(—4(l—,u) 2 +8(1 —p) = +;kerx>:|,
beix ber'x 2u, berx bei'x 2u,
M, = — A1(74(17u)x—278(17,u) 2 fybezx) +A2<4(1*H)7*8(1*,U) g +7berx)
keix ker'x 2u, . kerx kei'x 2u .
+Bl<—4(l—,u)x—2—8(l—u) x3 —?kel/x>+32<4(l—/,t) x2 —8(1—/1) x3 +;kerx s
tano sino bei'x x, , . ber'x x, ,
a4, = - A (14 wberx — 2(1 4 u) —Eberx + Ay | (1 4 w)beix + 2(1 + w) —Ebezx
x

M k /
+ B, <(1 + p) kerx —2(1 + ,u)kej - % ker'x) + B, <(1 + pkeix + 2(1 + p) o %kei'x)] .
x x

(17)

It is important to select the calculation method of Thomson functions and their derivatives for obtaining stable nu-
merical results. In this paper, Thomson functions and their derivatives are calculated by means of recursive formulas for
Thomson functions and their derivatives [5]. Based on the recursive formulas for Thomson functions and their de-
rivatives, it is easy to calculate Thomson functions of any order and their derivatives of any order if we know Thomson
functions of zero order and their derivatives of first order. Thomson functions of zero order and their derivatives of first
order are calculated using the polynomial approximation formulas given in Ref. [5].

After obtaining the stress resultants 7} and 7, and bending moments M, and M, the stress calculations are per-
formed using the following expressions:

_TA T, M,

1 75
h h?
_ BTy 6M (18)

h 2

(]

where T}, T, are the stress resultants for membrane solution which are given as follows [2,3]:

S
Ty = —g,Stana,

1
T =—= +g,tana)SdS + C|,
i U(ql g, tano) (19)
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where ¢, ¢, are the face load per unit area along the S direction and its normal direction, C is a constant to be de-
termined from the membrane boundary condition.

It is necessary to point out that the exact solution for conical shells given above is of an accuracy which is the same
as the thin-walled shell theory. Due to the various assumptions made in thin-walled shell theory, the error magnitude
order of thin-walled shell theory is /i/ R, so the error magnitude order of the exact solution for conical shells given here is
also 1/R.

3. The approximate solution for conical shells

Considering the complexity of the exact solution for the shell of revolution, the approximate solutions based on the
concept of an equivalent cylindrical shell are generally used for solving problems on the shell of revolution [3,4]. Let the
values of ¢, S, r, R, = r/sin g at the large end be ¢y, So, ro, R0 = 7o/ sin ¢,, the cylindrical shell which the thickness is
the same as the shell of revolution and the radius is |Ry| is defined as the equivalent cylindrical shell. For the equivalent
cylindrical shell, the governing differential equation for the axial symmetrical case becomes

d*y, (cylinder)  Eh
ds? DR,

7, (cylinder) = 0. (20)

The error order between the governing differential equation (20) and the governing differential equation of the general
shell of revolution for the axial symmetrical case is y/A4/R. For Eq. (20), the solution can easily be found [2-4]. The
solutions for the conical shell as shown in Fig. 1 can be expressed as follows:

Ehy, = % (Ehw), U= DRZ(:TV:,
T :—Dtana(:sv:7 Tszithw M, :D%7 MZ:uDj%V7 (21)
where
Ehw = C\0(—BS') — CU(—BS") + C30(BS") + Cal(BS"),
S () = ICi (S + Ca () — Cuo(S) + Cop (),
d—; (Ehw) = 2B [CiL(=pS") + C20(=BS") + C:L(BS') — C4O(BS")], >
& () = 26°(-Cub(=S) + Cap( 4 + C(BS) + Cap(BS)).
0(BS") = e " cos S, 0(—pS’) = e cos ps',
(pS') =e " sinpS',  ((~pS') = &/ sinpS, (23)

(BS') =
(BS') =
@(BS") = e (cos S’ + sinpS’), o(—BS") = &S (cos pS’ — sin '),
W(BS) PS'(cos BS’ — sin S, Y (—BS') = &' (cospS’ + sinS’).
The unknown constants C;, C,, Cs; and C, in the expressions given above are determined from boundary conditions. As
we know the stress resultants 77 and 7, and bending moments M, and M,, the stress calculations are made using Eq.

(18). Due to the error introduced in the basic governing differential equation, the accuracy of this solution is of a
magnitude of order of \/A/R.

4. The simple and accurate solution for conical shells

The approximate solution for conical shells is simple but the accuracy is low. The accuracy of the exact solution for
conical shells is high but is very complex. Is it possible to derive a solution for conical shells which possesses both
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accuracy and simplicity? The answer is positive. In Ref. [3], by introducing the following variable transformation
formulas:

IR .
y =Ty sing, (24)

=3 —Hz)/¢ ul do, (25)

_ VIRl (26)

they are able to derive such a solution for the general shell of revolution, where ¢ is a constant parameter defined in
Appendix A. Their solutions are supposed to be valid for the general shell of revolution. However, for conical shells, the
principal radius of curvature R; = oo, thus the variable transformation formula (24) turns out y = 0, the variable
transformation formula (25) becomes R; = oo times d¢ = 0, while the third variable transformation formula, Eq. (26),
also becomes y; = oo *0. Therefore, ¢ cannot be used as a principal curvature coordinate for conical shells. In order to
overcome this singularity, a new set of the variable transformation formulas suitable for conical shells are proposed in
this paper. They are

y= \/§?1> (27)
e V30— v/3(1 — (2\/— 2\/S—> (28)
vhtano 0

1

S S 29
N VeStana (29)

where ¢ is defined in Eq. (A.18). Following the similar procedure as that used in Ref. [3], the simple and accurate
solution has been re-derived for conical shells. The detailed process of derivation is given in Appendix A and the so-
lution is given as follows:

=) R,

75 [cre ¢ cos (& + () + cre“cos( — &+ 6)],

e ER?
ER? 277 4 [Ry . .
\/ﬁEh [16 “sin (&4 () + cetsin(— &+ ()]
(30)
4 RS
= V\/E [cre™ sin(E+ () + cesin( — &+ ()],
4 /3
N :;/%%[cle’isin(é+cl) + crefsin( — E+ 0],
2
T = —Nltanoc
R” tdnoc[cle “sin (&4 () + cetsin( — &+ ()],
YRS [ [ A=) AT a1)
TZ— \A/E {Cle Shiana COS(£+CI)+ 4S+ \/m Sln(g+€1)
J30=0) BT, L
+ e JShns cos(—¢&+04) + 1S Jshang sin( =&+ 8)| ¢,
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VRO -@2) VR | | V31 - (1 B0
“=TEE s {c““‘ { Vitans mEHH) (45+ VShtans )“’S(“Cl)
}’ (32)

V3 =) (1 V30 -w)
V/Shtano sin( =< +0) <4S v/ Shtano
VI2(1 — 1) tano /R,
ER R, S
h <'/R§0 N ET YTy
M < — _
: VI2(T—p2) /S { [ VShtano sin(+41) (45 Shtana ) se+4)
4 —
73(1 E) Gin(— &+ 0) - (1 V3l - tan“) il }

+ ce°

>cos(—§+C2)

k = [crecos (& + () + caetcos(— E+ ()],

+ o€t

V/Shtana 4S \/Shtanoc —H R,
M, — h (‘/R_S{ _ [(tana u V3(1— > 0s(¢+81) — y 3(1

sm E+4)

VI12(1 — 12) /S R, 48 W Shtana VShtano K Jshtana VS

tano.  p v/3(1 —p?) B v/3(1 — p?)
s (Rz ~35 M JShtans )COS( R N T “CZ)}
(33)
1
82:E7h(T27'uTl)
_ VYR | V30— V3
Eh /s {1 { ohtany ETEF ( \/Shtanoc ey R, )it
S 1 YA, ans
+ e [4\/%@ cos(— ¢+ )+ (4S Shtanoc )sm E4+0) } (34)

The displacement along the circumferential direction 4, can be expressed as

A, = wcosa + usina = &R, cosa

_ Rycosa v/R3, | V31 —?) 1 30— tano \ .
- Eh Vs e VShtana cos(E+ )+ 4SJr VShtana T Ry sin(&+4)
}. 39

30— 1) I {A0—@),  tana

VShtana cos(— &+ G+ <E_ v Shtano H R, )sin(—é—b—(z)

¢

+ e

5. Numerical examples

In order to test the present solution proposed in this paper, we calculate the stresses of a conical shell shown in Fig. 2
by means of the various solutions given above. The thickness / of the conical shell is 3 cm, the slant length /is 10 cm and

Fig. 2. A closed conical shell under loading.
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the half vertex angle o of the conical shell equals 60°. The upper end of the conical shell is closed and the lower edge of
conical shell is supported by hinges, in other words, the boundary condition for the lower edge of the conical shell is
simply supported boundary condition. Consequently, the circle at the lowest edge is not movable but is able to turn
round. In the calculation of stresses two loading cases are considered. Loading case 1 is the dead weight ¢ of the conical
shell. Let us assume that the dead weight ¢ per unit area in the middle surface of the conical shell is 1 MPa. Loading case
2 is the concentrated load P. Let P equal 10000 N. Young’s modulus of elasticity £ and Poisson’s ratio u are
E =2.1 x 10> MPa and u = 0.3, respectively.

The stress results obtained by all previously given solutions are given in Tables 1 and 2 and Fig. 3. Table 1
makes a comparison between the stress results of the exact solution and of the present solution in loading case 1. It
can be observed from Table 1 that the two stress results agree with each other very well. Table 2 gives the same
comparison in loading case 2. The comparison shows that the two stress results are still in good agreement except
for several small stresses (<10~® MPa). Because of the calculation error it is possible that very small stresses are
not precise.

Fig. 3 makes comparison of the stress results obtained by the present solution and the approximate solution in
loading case 1. Maximum relative errors are —28.6%, —37.6% and —46.2% for h = 3.0, h = 4.5 and & = 6.0 cm, re-
spectively. It is evident from Fig. 3 that the relative error increases as the thickness of conical shell increases.

6. Conclusions

This paper has presented a simple and accurate solution for conical shells with the same accuracy as the exact
solution. The present solution was obtained by introducing a set of new variable transformations and by neglecting
the terms with the order of magnitude of //R. Different from the exact solution which are expressed by special
functions, the present solution for conical shells can be expressed only by the elementary functions, such as expo-
nential functions and triangular functions. Numerical examples have been used to compare the stress results obtained
by the present solution with that from the exact solution and almost identical results have been obtained. The present
solution is also compared with the approximate solution and it is found that quite large error in stresses could be
introduced by using the approximate solution for conical shells. Consequently, it can be concluded that the present
solution for conical shells is simpler compared to the exact solution and more accurate compared to the approximate
solution.

Appendix A

A.1. Derivation of the simple and accurate solution

In the derivation, it is necessary to use the equilibrium equations, geometrical relations and stress—strain relations, so
these equations are first given as follows:

U:N1R2:N1Stana, (Al)
T ——%tana,
L =-3
& =—2 R%tanocfu“‘i—g], (A.2)
92——ﬁ[i—g—%tanoc},
kl :%7
ko =%
2
M =D(k1+ukz)=D<%+u"“T“2“vl), (A3)
Mz:D(szrﬂkl):D(%x%Jrﬂ%)-

The governing differential equations for conical shells in the coordinate system as shown in Fig. 1 have been given in
Egs. (1)-(3).
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Fig. 3. The relative error between the present solution and the approximate solution.

Introducing a complex variable

(A4)

- . U
e e —
e ER?/\/12(1 — 12)
Multiplying the first formula of the Eq. (1) by i/(Eh?/1/12(1 — 12)) then adding to the second formula of Eq. (1) yields

M1

L)) +1i———————===0. AS

)+ = (A5)
Letting

T:Tl—‘-Tz, M:M1+M2, (A6)

and substituting Eqgs. (A.2) and (A.3) into Eq. (A.6), we have

7 _<dU+ tanocU)7

ds ' R
dy2 tano (A7)
M= (1+uD( =2
1+ 00 Gt )
Complex stress resultants are defined as follows:
2
T] = T1 + iLkz7
20-12)
- . En?
L=0+1—k, (A.8)
20-12)
. s A2 —p?) M
T=T+h=T+iY" 21 7
1+ 1> +1 7 T+ 1

Substituting Egs. (A.2), (A.3) and (A.7) into Eq. (A.8), the complex stress resultants expressed by complex argument 7,
are obtained,
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I ERW? tana _

Tl =l —v17
12(1 —p2) R

. ER d7,

i

T /120 2 dS (A.9)
Foi ER? dy, N tana

S \ds R )

Using the second formula of Egs. (3), and (A.5) can be written as
&5, 1dj, 1 1

. 1
ds? §Eiﬁh JrlStanoc h/< /12(1 —12)

In order to eliminate the term with first-order derivative with respect to Sin Eq. (A.10), let us introduce new argument y
which is defined as

5 =0, (A.10)

- 1 [1 -
y =7, exp (—/—ds) =VS7,. (A.11)
2/ 8
The first-order and second-order derivatives of new argument y with respect to S
dy dy, |
A APl SR
s = VSas ta
2 2= < (A.12)
Cr_ edh a1
ds? ds2 ' s ds 4/ "
Substituting Eqs. (A.11) and (A.12) into Eq. (A.10), we have

d’y 31 T 1 0
ds? " 4s” Stanah/q/lz(l_uz)yf

Now let us perform the magnitude order analysis to every term of Eq. (A.13). As far as the general shell of revolution is
concerned, boundary effect will decay rapidly away from the boundary edge. From the point of view of the magnitude
order, calculating the derivative with respect to S every time is equivalent to multiplying by = (3/3(1 — 12)/+/h|Rx|),
i.e., dividing by +/A|Ry|. Since the effect of the solution is only confined to local region near the boundary edge, it is
reasonable that the values of the geometrical parameter in the local region, such as S, R, are considered to equal nearly
to the values at the boundary edge Sy, Ry. Therefore, for conical shells, S = R,/tano, the ratio of magnitude order for
every term in Eq. (A.13) becomes

y y oy
h|Rx| "~ |Ry|*/tan?e ~ |Raolh

(A.13)

Multiplying every term by s|Ry| yields

htan’x

I 1 VY
|Ra

If the conical shell is not too flat, the value of tano will not be very large, then the order of magnitude of the three terms
is
h

l:——:
|R2o]

1.

If we neglect the second term in Eq. (A.13), the error magnitude order will be //|Ry|. Therefore, Eq. (A.13) can be
simplified to

dy 1 1
— 41 y=0
ds?  Stana /., /12(1 — 12)

The proceeding equation can be written as

(A.14)
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dzy

— 2 —
52 Fy=0, (A.15)
where
- 1 1
2= . A.16
Stana i/ ,/12(1 — 2) (A.16)
Solving Eq. (A.16), we have
. 1—i 1
F=+4 —_— A.17
V2 VeStano ( )
where
h
C=——. (A.18)
N

Eq. (A.15) is a differential equation with variable coefficient. In order to transform Eq. (A.15) to the differential
equation with constant coefficients we have to introduce the following argument transformations:

L1 as _m<2\/§—2 S0)s

’ :75 o VcStana  Vhtana

)’1:}’%
L (F 12 (A.19)
-~ VeStano  \ ¢ ’
1 -1
=4 .
RN

Using Eq. (A.19), we can calculate the first-order and the second-order derivatives of ¢ with respect to S and the first-
order and the second-order derivatives of » with respect to ¢&.

& » 1 F

s~ V2 Va2l

db 1 iy dF

dé _\/EC s (A.20)
~ ~\ 2

&b _ o FondF 3a5,(dF

dé dsz 2 as | |’

From the second and the third formula of Eq. (A.19), we have

7 ~1/2

N

A _(Z . A2l
y A (C) N ( )

The derivatives of y with respect to S are
d 1 d db
)

as ~va\Tdg e
ey 1E[(F\ ey e 422
as? 27|\t ) e a2

By means of the third formula of Eq. (A.20), the second equation of Eq. (A.22) can be written as

N 12 N |2
&y 1F|[F v aplaspEF 3, (dF
Eﬁ_if{<z> @ " et ) P A2



278 W. Cui et al. | Computers and Structures 79 (2001) 265-279

Substituting Egs. (A.21) and (A.23) into Eq. (A.15), we obtain

— — (1 —i) 1+L lﬁ_éi d_ﬁ
dé 2F? | FdS? 2F2\ dS

(A.24)

According to Egs. (A.17) and (A.18), we know that the argument F only depends on the configuration size and material
properties of the conical shell, therefore, the varying length of F should be |Ry|. Based on the reason explained above

the magnitude orders of the derivative of F with respect to S are

1dF 1df F Y 1
Fds* " FdS\ [Rul ) " Rul

-\ 2 ~ 2
INCANEY A NEE
ﬁvZ dS ﬁz |R20| |R20|2 '

~\ 2

1 [1d&F 31 (dF 1 1
ZFZ F dS2 2F2 dS Zﬁz |R20|2 |R20|7

where the mark ~ expresses magnitude order equivalent. According to the magnitude order analysis given above the
underlined term in Eq. (A.24) can be neglected. The error magnitude order will be i1/ R, after neglecting the underlined

term. Thus, Eq. (A.24) is simplified to

(A.25)

Eq. (A.25) is the differential equation with complex constant and contains only the second-order derivative term and the

zero-order derivative term with respect to £. The solution to this differential equation is

V= D/le%lfi)i +D’2e“’i)5,

where D] and D) are unknown complex constants. By using Eq. (A.19), y can be obtained as

y = VS [Dle 170 4 preli=ie],

where D} and D} are unknown complex constants. The relations between D}, D, and D{, D} are

D] = V/ctanaD|,
D} = vV/ctanaD,.

Using Eq. (A.11), we can obtain the complex argument J,,

~ 1 - -
7 = 4_\/§ [D/{e’“’l)g + D/z’e(lﬂ)‘»].
For simplicity, let
27
Di = Eclem /R,

D) = ﬁc e /Ry
e 20,
where
L= 0= @) %.
Substituting Eq. (A.30) into Eq. (A.29), we have

- 277 4[Ry

_= eilig—(1-)¢ ell2e1-0¢7
W=\l e ]

(A.26)

(A.27)

(A.28)

(A.29)

(A.30)

(A.31)

(A.32)
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Now, we substitute Eq. (A.32) into Eq. (A.9) and then have

I ENW? tano _
V12(1 —12) Ry
VR [ere1e 10 4 ¢pelize(1-0],
RS
. Eh? dy
Th— i ﬂ7
V1201 — @) dS
_ VRS, { [ V3(1 = w?) i< 1 N v/3(1 — /‘2)>:|Cleiile(li)£

=itana

Vs VShtana 45" \/Shtana
I R B RV o A Y s
Vshtanz \ 35 Shtana ‘

279

(A.33)

Selecting the real part and the imaginary part of Egs. (A.32) and (A.33), respectively, and using Eqs. (A.1)-(A.4) and
(A.8), the stress resultants, bending moments and deformations can be calculated which are given in Section 4, Egs.

(30)-(35).
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